KV ESRFEFRRMR
PKU-Changsha Institute for Computing
and Digital Economy

DL for PDEs: deep adaptive
sampling and surrogate

modeling

Kejun Tang BERIE . :
tangkejun@icode.pku.edu.cn Henan UI’]IVGI’SIty
2023.11



Content

01 | Overview
02 | DL for PDEs

03 | Recent progress

04 | Summary



Computational Mathematics & Machine (Deep) Learning Jexd KUHASHPERARR

numerical ODE | CC—— > |  neural ODE

computational optimal transport | " > WGAN | |

mathematics ~ >—|  machine learning
dynamical systems I:> optimization scheme

: PINN, DGM, deep
numerical PDE | <<_————1 =

computational physical (PDE) | —"——— | datadriven
i — discovery —|  machine leaming

mathematics

The relationship between

inverse design <:I deep nets math and DL




Deep learning for solving PDEs e £ F ROUNSRFEHRANR

Maxwell

1 i

I I

. . . . . i = = |
Motivation: Many physical laws can be expressed in the form of partial i{v K J;.%Diaér ngfz 033/3&:
! ' /

/
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
\

differential equations (PDESs). e <
I Logistic !
|
_ 'ﬂ=rf(1—£), r=pgK i
DL for PDEs: For challenging problems governed by PDEs, deep lat K- »
learning based Al solutions are becoming an attractive alternative. CSeodnoer \‘.
| 1
| av 1
L ih—(t, ———A+V\IJt ]
Application fields: acoustics, molecular dynamics, l\’__a_t__(_fz__(_ ______ )__(__X)l
electromagnetics, fluid mechanics, etc. - P e
1 Allen-Cahn
10
|
|

o
o
~
N
3
QO
S
5




Potential advantages of DL for PDEs EXXE KBUNSHTE WA
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Physics-based DL model Q112 KU A SR ARG
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Surrogate modeling - Operator learning Q112 KU A SR ARG

A Inputs & Output B Training data (a)
Input function « QOutput function G(u)
u(z1) at fixed Sensors 1, ..., T,, at rand_om location y
n ”LL(.'EQ) ” \'\ T, 4 - 5
u: function —=| * ;1-‘2 . » 4 % -
1 e =B ~ ‘ o 5 .
u(.’L‘m)\ * G s — Fourier layer 1} Fourier layer 2|—> @ @ @ —»|Fourier layer T|—»
Network — G(u)(y) € R g — .. R
i | o =" Tm TN - T
yER lez . -_"____—" -
C Stacked DeepONet D Unstacked DeepONet (b)
B }-+® ®
u(x) u(xy) Y

| uten) [ @ o) | o] ®
= \@
G(u)(y)

e N ETEIN ST ® \( Hen)
G(u)(y)
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operator: function to function
fast solver for parametric PDEs
and Bayesian inverse problems

different s(x), different solutions

Lu, Lu, et al., Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators, Nature machine

intelligence 3.3 (2021): 218-229.
L1, Zongyi, et al., Fourier neural operator for parametric partial differential equations, arXiv preprint arXiv:2010.08895 (2020). "



Physics discovery based on DL Je i XS KOHRSHFEATER

a. DNN with Unknown Parameters @ Physical Law with Unknown Parameters A
Layer | ... Layer/... Layer L AutoDiff PDE Construction Sparse Regression
1 1 1 : R:u — @A — 0 Up Ve Wy P1P263 Ps ATATAY
u= {u,v,w} u i & ® |
Z ) 19) o r1] uy = {ug, v, wy } = i o
u(x,t;0) g ’ . u; “ 3 .
i o d o " Ny A E> 5 “
Y N (9) v(x,t; 0) @ - " : u, w “’4 A3 Af;‘] v 2 - i
T Ug: ._ & 3 i .
. dy dy d, Candidate uy = :J' A= : : : 8
w(x,t;0) ; « S i s =
=z Function u? ®u, W s=1 As—1 s—1 8
x = {a,y, 2} a. a. d.  Selection . e thy A AL AY s Sparse
=1L, Y, =z - A L& . L ]
derivatives . L l.x1  Note: A is sparse u(e) ®(0) A
b. DNNs with Unknown Parameters 6 Physical Law with Unknown Parameters A
Multiple Connected DNNs AutoDiff PDE Construction Sparse Regression
: _— Up Uy W D1 Pa Py D A¥ANUAY
M (D) u(x, 0@, g0 1 ! 1 (1) R:u— oA — 0 g i e
{Xa t} %NO(B(OJ) ( ( ) (]5 where , o) 1 ¥
: : O a Oy 1] W = {ue, v, wy ) =
B L L . i 3 ! :
AN OD) > ux 569,00 T @@ @ C—> (6P > ¢ s o 1> 5| BN -
G — . | Moa o S| E - :
. = \% : 3y d, 8, Candidate - " = Ul A= : : : - ! ‘
N (8 © g(m Functiay | g5 i Nii Al AL, 3
- ?’( )éu(x, ;07,0 ) Gl . 9. Selection u; Ao AY AP | pus © Sparse
Note: r independent datasets are used. derivatives L : .., Note: A is sparse Stacked U(O) P(0) A
C. i 1 (7 m (|2 % R id Ik . 1 /
Data Loss: L4 (0;Dy) = ——|lu® —u™||3 L(6,A;D,,D.) = Ly(0;D,) +aLl,(8,A;D.)+ B||Allo esidual Loss: £,(0, A;D,.) = FHU(B) — ®(O)A||
—— SR — e
measurement total loss data loss physics loss regularization collocation points Aa"—| "
. 2 . SN - 2 2 : A . ADO 4
Solution by ADO: Aj4; := arg min [||U(9k.) — B (On)A|; + B||A||O} by STRidge  Ox+1 := argmin [L£4(6; Dy,) + aLy(0, Ary1;D:)] by DNN training 7
A o = k41

Given some snapshots (say data produced by some PDEs), can we discover the physics model?
Chen, Zhao, Yang Liu, and Hao Sun, Physics-informed learning of governing equations from scarce data, Nature communications 12.1

(2021): 6136.
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This talk: focus on adaptive sampling,
and surrogate modeling (for parametric

optimal control)
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The overall process

Llu(x,t)] = s(x,t) VY(x,t) € Qx[0,T]

Blu(z,t)] = g(x,t) V(x,t) € 02 x [0,T] construct NN

I[u(z,t = 0)] = h(z) VzeQ R

partial differential operator, e.g., Laplacian

boundary operator, e.g., Dirichlet boundary

initial operator

r(z,t;0) = Llu(x,t;0)] — s(z,t)

SN W N

computational domain, e.g., [-1,1]
b(z,t;0) = Blu(,t;0)] — g(z, t)

Of) - computational domain, e.g., {-1,1} (.t = 0:0) = T[u(x, t = 0:0)] — hz)

—b (xgg)z, @, 9) +’yg—l2(mg);9).

NN approximation u(gj, t; 9) —> ’ZL(CC, t) TN,
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The construction of NN f

Llu(x,t)] = s(x,t) VY(x,t) € Qx[0,T]
Blu(xz,t)] = g(z,t) V(x,t) € 902 x [0,T] - NN
- - =t fully connected
< = NN, h f
T[u(z,t = 0)] = h(z) Yz €0 - = MEST e
partial differential operator, e.g., Laplacian A

boundary operator, e.g., Dirichlet boundary

N T O

_'1 g“f ! VE:x) =1 (lt+x0 Vul} +1IV - 7 — fI3) T R
. ngm Y X B() = llu[:,0] = 1B + luf:, =112 + liz [0, = 1], :]I13
initial operator heg ’_j" T e Ve B® et l
— ) Physics-constrained Loss ¥y =[u,7] :_-_. -
. i Conv Decoding PO S
() - computational domain, e.g., [-1,1] W -J’-' -
-
o
144 x 32 x 32 7Eingoalnigi Decoding _1 100 x 32 x 32 'd :;
aQ : ComPUtatlonal domaln’ eg’ {-1 ’1} 72xl6x16L Dense Block’—1 200616 :"\\” n

CNN based model if using

NN approximation u(gj‘, t; 9) — ’U,(:C, t)




The sampling step Je i XS KDHASHFRHTAR

PEKING UNIVERSITY Changst stitute for Computing and Digital Economy

Sampling Methods

*  Uniform sampling

* Random sampling

* Importance sampling

* Quasi random sampling

<

The framework of DAS

* Deep adaptive sampling (DAS)!! PKRnet (T3 Of)

min—/rz(m;@) log px Rnet (x; O f)dx
B

0.7 0.75 0.6

Case: Two-dimensional peak problem

—Au(xy,x2) = s(x1,x2) in Q,

0.2

=0.25 0.0

U(X]_, X2) — g(X17 X2) on aQ’ 02 o =02
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Exact solution DAS Uniform sampling

K. Tang, X. Wan and C. Yang, DAS-PINNs: A deep adaptive sampling method for solving high-dimensional partial differential equations,
Journal of Computational Physics, vol: 476, 2023.




The optimization step
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Optimization Methods

* Adam (popular)

AONN for parametric i w« i | @
optimal contorl Lo
problems

Adjoint equation

v W@ -F@ap)p=0

- Projected gradient oquation | | ‘ AS ;mg:gs
. - Ustep — Py (@ — ¢ (dud :ouf
*  RMSProp first order method Key to PDE ;[ (L ) i} i
, constrained = b e Lo
* Vanilla SGD : @ L ok ri>{ o s |
optimal control [EECENE
° (L) BFGS second order lrnethOd problem, Shape A L A C D _____________
optimazation
problem T e TN T maenies T & epamaion sop
N oo E T E e e e E e mm e mmmm—_m—_———e e - & (xe) : p(xa) : , IANIL
| first order methods:  second order methods: | E%% E :g % f%%
] : : : , . I AONN-2 for PG A
:/ High dimensional v Low dimensional I shape ;ggfg;é L ] ] @
l v/ Fast v' Cost I optimization i\ 55&
| I S Sy ERERIDSS A P SRR | [
: / Rough / Accurate : (5) Resample step <E (4) Update step ';?7}:=
| F 1 =

P. Yin, G Xiao, K. Tang, and C. Yang, AONN: An adjoint-oriented neural network method for all-at-once solutions of
parametric optimal control problems, SIAM Journal on Scientific Computing, accepted, 2023.
X. Wang*, P. Yin*, B. Zhang, and C. Yang, AONN-2: An adjoint-oriented neural network method for PDE-constrained

shape optimization, submitted, 2023
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\B R : E
.stq .csq [params : PDE Expression ' ( Sample
a NavierStokes [ Function ] UniformSampler
Geometry AR : )
Geometr Poisson ) 1 | |ImportanceSampler -
L y B I Model { PP pier| | | Problem-level
Boundary Maxwell [ Network ] AccRejSampler
J : \ : J \
CSG custom PDE [ Optimizer ] custom Sampler . .
| ))& J ] i | /) | adaptive sampling
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—

NN structures

E kConstraint [PDEConstraint] [DirichletConstraint] [ DistConstraint ] [CustomConstraint

- : Data-level
& applications v ata-leve
' Dataset
..................................................... e
Training [ pinn_solver ] [ pfnn_solver J [ ocp_solver ] [ dist_solver ] Training-level

—~

[Post Process [ VTK ] [ Csv ] [TensorBoard] [CrossSectionVisualization]
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Constraints L (X; . (X)) B S(X) =& Q’ [Example L =—A }
® Original (classical) form of PDEs b (X; o (X)) — g(X) vx € 0.
® V\:al};(variational) form of PDEs . J (U(X; e)) _ ||I'(X; e)”iﬂ 4 ||b(X, e)”igﬂ |
1tz

> Galerkin where r(x;©) = Lu(x; ©) — s(x), and b(x; ©) = bu(x; ©) — g(x)

® [ength factor: Penalty-free ety £}
' where

PINN ¢ |cast square FEM Deep Ritz I(u) = / (%|Vu(:c)|2 — f(:z:)u(:z:)) dx
Deep RitZ ) Ritz method

f(m) = 0, T c FD,
(x) > 0, otherwise.

PFNN —====—Wecak form with penalty free

Not all PDEs have a Ritz form. PFNN
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use steady-state equations to illustrate the idea

L(xu(x)=s(x) V(x)e,
b(x u(x) = g(x) vV (x) € 01.

L : partial differential operator, b : boundary operator.
How deep methods do: a deep net u(x; ©) — u(x)

J (u(x; ©)) = [Ir(x; ©)l13,0 + 7 16(x; O3 62
where r(x; ©) = Lu(x; ©) — s(x), b(x; ©) = bu(x; ©) — g(x), and

Ir(x: ©) |2 = /Q 2 (x; ©) dx

An optimization problem: mein J(u(x; ©))

The penalty term brings the difficulty
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Consider the following boundary-value problem:

,
V. (p(|Vu|)Vu) +h(u) =0, inQCRY
< u=¢, onlp,

(PVu)Vu) -m=1, onTy,

\

where n is the outward unit normal, I'p UI'y =0Q and I'p NI'y = &.

g 9 for essential boundary conditions
1 can be pretrained

We (:I:) = Yo, (:I:) + E(m)fﬁ’z (‘B)? independent

f for the other parts
The structure of penalty free methods 92

H. Sheng, C. Yang, PFNN: A penalty-free neural network method for solving a class of second order boundary-value problems on complex geometries, J. Comput. Phys. 428 o
(2021) 110085.
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[we(w)=gel(a:)+€(m)f92(m)J§ (W(@)=0, @em, @)=Y ad@a)+bate

lk(m) =1, T € Vi, =
{ l(x) =0, = €Tlp, | 0 <li(x) <1, otherwise

{(x) >0, otherwise.

.

E(.’L‘) can also be the distance function E(ar;)
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Iw] :=/Q(P(w) + H(w)) dx — . Ywde,
where - .
P(w) ::/0 p(s)sds and H(w) ::[; h(s)ds.
u* = arg {UIIGI?I% Ulw],
where
Ulw| := #E?(LZ) Z (P(w(z")) + H(w(z"))) — #g‘(J;lN) Z ¥ (x)w(x?)

z'eS(Q)

Plugging [ we(x) = g, () + £() ng(m),} into the above loss function




Penalty free methods: results
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L

~ L
x 0 < 0

-0.5

Method Deep Ritz Deep Nitsche PFNN
Unknowns 811 811 742
B =100 0.454%40.072% | B8 =100 0.535%+0.052% | 0.288%+0.030%
e = G B =300 1.763%40.675% | B =300 1.164%40.228%
B =500 5.245%4+1.943% | B8 =500 3.092%+1.256%
B=100 0.747%=+0.101% | 8 =100 0.483%=0.095% | 0.309%=+0.064%
L=6 B =300 3.368%40.690% | B =300 0.784%40.167%
B =500 4.027%+1.346% | B =500 2.387%=+0.480%
B =100 0.788%4+0.041% | 8 =100 0.667%+0.149% | 0.313%=+0.071%
Li= B =300 2.716%40.489% | 8 =300 1.527%=+0.435%
B =500 4.652%+1.624% | 8 =500 1.875%=+0.653%
Method Deep Ritz Deep Nitsche PEFNN
Unknowns 821 821 762
B =100 0.612%+0.213% | 8 =100 0.659%=+0.129% | 0.513%=+0.116%
A=0.6| 83=300 0.540%=+0.153% | 8 =300 0.593%+0.136%
p=12 B =500 0.560%+0.218% | B8 =500 0.563%+0.122%
’ B =100 0.555%+0.120% | 8 =100 0.643%=+0.135% | 0.489%=+0.121%
A=12| 38=300 0.513%=+0.085% | 8 =300 0.608%=+0.109%
B =500 0.532%=+0.159% | B8 =500 0.584%+0.098%
B8 =100 27.646%40.310% | 8 =100 28.548%42.849% | 0.699%+0.467%
A=06 | =300 16.327%+0.294% | B8 =300 21.236%+1.326%
_—r B =500 12.034%+0.538% | 8 =500 17.972%+2.020%
| 8 =100 25.133%=+0.823% | 8 =100 30.375%=+2.387% | 0.722%+0.393%
A=12| 8=300 16.330%+0.484% | B8 =300 21.938%+2.369%
B =500 11.573%+0.458% | 8 =500 18.998%+1.872%
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Minimal surface equation
on a Koch snowflake

— V- (JVulf~*Vu) — Aexp(u) + ¢ =0,

p-Liouville-Bratu equation
on the Stanford Bunny
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use steady-state equations to illustrate the idea

L(xu(x)=s(x) V(x)e,
b(x u(x) = g(x) vV (x) € 01.

L : partial differential operator, b : boundary operator.
How deep methods do: a deep net u(x; ©) — u(x)

J (u(x; ©)) = [Ir(x; ©)l13,0 + 7 16(x; O3 62
where r(x; ©) = Lu(x; ©) — s(x), b(x; ©) = bu(x; ©) — g(x), and

Ir(x: ©) |2 = /Q 2 (x; ©) dx

An optimization problem: min J(u(x; ©))
Key point: mén J(u(x; ©)) — mein Iy (u(x; ©)) discretize the loss by
uniform sampling in general (or other quasi-random methods based on
uniform samples)
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u(x; ©*) = arg mén J(u(x; ©)),
u(x; ©y) = arg mén In(u(x; ©)).

E ([lu(x; ©f) — u(x)llg) < E(lu(x, On) — u(x; ©7)llq) + [[u(x; ©7) — u(x)llg

statistical error approximation error

Our work: focus on how to reduce the statistical error

the capability of neural networks — approximation error
the strategy of loss discretization — statistical error

Key point: how to sample?
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Geometric properties of high-dimensional spaces
uniformly distributed points in high-dimensional spaces

Vd/2

' Question: if the support of the

solution is concentrate on the origin,
what will happen?

>

Most of the volume of a high-dimensional cube is located around its corner
[Vershynin, High-Dimensional Probability, 2020]. Cube: [-1, 1]¢
d

P(lIx||2 < 1) < =l
(lIx[[2 £ 1) < exp( 10




Some observations D ex) s

Question: is uniform sampling optimal for deep methods?

FEM Adaptive FEM

=)

mesh refine mesh in a certain type of adaptivity

Observation:
1. uniform mesh is not optimal for FEM

2. choosing uniform samples is not a good choice for high-dimensional
problems

Deep methods J

lack of adaptivity — develop adaptive schemes
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| ocalized residual

Assume choosing uniform samples is not efficient for low

¢ = ] 1/(x)dx ~ f A(x)dx < 1. reglularity problems
Q Q

A rare event!
Consider a Monte Carlo estimator of { in terms of uniform samples

N
" 1 ;
_ (i) o How does FEM do?
Puc = N.Z 1/(x*"). |
Error estimator
The relative error of Prr is general framework: using an error estimator to refine mesh }
MC

o How does deep method do?
= N1 =)/ ~ (CN) V2 am

we need a general framework... J

Varl/z(f’MC)
¢

sample size O(1/¢) — relative error O(1).




Reduce the statistical errors G 7S KDHASHPRATRR

Estimate the residual

N
1 r
Px:Q)dx ~ — > A(xY): 0),
[ Proyss 43P0
key point
- reduce the variance of r
r(x; ©) 1 O rz(x('.);@)
J, - 0)) = r ;@dx:/ ax ~ — o :
(uxi0) = | POk = [ ZX2p() VL s

Nr

where {x() from p(x) instead of a uniform distribution.

Importance sampling
r(x; ©)
L

- e

p ,MZ/Q?(X:G)dX
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Deep adaptive sampling method (DAS)

Sample from p(x) for a fixed ©: a deep generative model

pKRnet(X; ef) ~ IJr_llZ(X; e)

where pxprnet(X; ©¢) is a PDF induced by KRnet [Tang, Wan and Liao,
2020]; [Tang, Wan and Liao, 2021]

“Error estimator”: 7x(x) o< r#(x; ©)

Dk (7x(x)|| pkRrnet(X; ©F)) = fB Tx log Fxdx — _/;3 Tx log pkRnetdX.

I’T(l)in H(?'X: pKRnet) — / ?X Iog pKRnetdx-
B

f

Challenge

- design a valid PDF model for efficient sampling




A deep generative model for sampling e R L R

KRnet: construct a PDF model via Knothe-Rosenblatt
rearrangement, [Tang, Wan and Liao, 2021]

y = fKRnet(x) = Lyo f[;téte{] i uter(x)

PkRnet(X) = pz(fxkrnet(X)) |det Vxfkrnet| »

where f‘[’i’ter is defined as

B = Lso it o0 0 o Le.

Advantages

- GAN and VAE can not provide an explicit PDF though they can
generate samples efficiently

- KRnet provides an explicit PDF

- KRnet can generate samples efficiently




A deep generative model for sampling

Lg: Rotation layer

Y

Y

4.[ Scale and bias layer
Lg[

structure of KRnet

Affine coupling layer

!

- squeezing layer e

Lg: Squeezing layer

'

for the rest dimensions

- affine coupling layer

- rotation layer [ T Nonlincar tayer |

- nonlinear layer

f

inner
[k.i]

»
7T KD H 5 RPBH SR
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Algorithm of DAS

The framework of DAS (see [Tang, Wan and Yang, 2022] for more details)
1

// solve PDE
()

Sample m samples xg)’k and Sample m samples X9 k-
Update u(x; ©) by descending the stochastic gradient of Jy(u(x; ©)).
// Train KRnet

Sample m samples from xg),k.

Update pxrnet(X; ©f) by descending the stochastic gradient of

H(?Xa f)KRnet)-

// Refine training set (replace all points: DAS-R; the number of points
increases gradually: DAS-G)

Generate xg),kﬂ C Q through pxrnet(X;
Repeat until stopping criterion satisfies

e:,(k-Fl))

I »
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Theorem (Tang, Wan and Yang, 2022)

Let u(x; @T\;(k)) € F be a solution of DAS at the k-stage where the

collocation points are independently drawn from pxgrpet(X; @:’(k_l)). Given
0 < € < 1, the following error estimate holds under certain conditions

1
2 2
Hu(x; oKy _ u(x)H2Q < v2¢;! (Rk—l—e £ Hb(x; e”,;;“‘))Hm) .

with probability at least 1 — exp(—2N,&? /(12 — 11)?).

Corollary (Tang, Wan and Yang, 2022)
If the boundary loss Jy(u) is zero, then the following inequality holds

E(Rky1) < E(Ry)




Some results of DAS
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—Au(X) +u@®) —u @® =s®)), xinQ=[-1,1]'°.

1005'
with an exact solution
_ 2 S 10
u(x)=e 10||x||2, £
102 f[—-- DAS-G
o Sa,1 Sa,2 b=

- —— DAS-R

- =4- Uniform

| == RAR
1073

00 02 04 06 08 10 12 14 . ' _
Epoch 10 Epoch x103

1.0

Training time and error for different |Sg| and sampling strategies, ten-dimensional nonlinear test problem.

1.0

The evolution of samples

sampling strategy =~ DAS-G DAS-R Uniform RAR
[Sql time error time error time error time error
5 x 10% 1.82h 0042 344h 0062 184h 1.008 142 h 0999
10° 365h 0020 692h 0054 386h 1.001 297 h 1002
1.5 x 10° 581h 0010 1041h 0037 573h 1002 463h 0993
2% 10° 782h 0009 1387h 0013 780h 0996 575h 0983

The comparison of different sampling strategies

ﬂ



A special case: Fokker-Planck equations
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setting
3p(>< t) _

- statlonary solution

=V - [p(x, t)V log(B1p1(x) + B2p2(x))] + V?p(x, t)

pst(x) = B1p1(x) + Bap2(x),x € R?, pi(x) : Gaussian distribution

-4 -2 0 2 4
X1

(e) Exact solution p(x)

-4 =2 0 2 4

(f) ADDA approximation

(=]
<
w

1074

_
10°
0.025 0o2s ] N
~,

0.020 0.020 10-1 i

L T == M-“.""-n

(@] gt 1)
0.015 0.015 = | k=1 e O

v —— k=2 ~,

V-2 ...... - .
0.010 0.010 > 10 k=3 Mo

S e o

— — k=5 s
0.005 0.005 ) ~.

o

——————
————

100 125 150 175 200
Epochs

0O 25 50 75




A min-max formulation Je i f KDUHESHELHHRR

Two things
- minimize the residual:

- endeavor to maintain a smooth profile of the residual

A min-max formulation
- minimize the residual: ming rn(x; 6)

- maintain a smooth profile of the residual

2(x; @) to uniform >
|
‘ min max J (ug, pa) = / A (x; 0) pa(x)dx,
Q

0 pac€V

For simplicity, we remove the boundary residual term.

mginrggﬁj(ua,p):/Qrz(x;ﬁ)p(x)dx.

{z}7 | to nonuniform >

where
Pa(x) = pz(fa(Xx))|Vxfal.

is a flow model.
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How can this min-max formulation achieve our goal?

- Optimal transport theory

- Some constraints for V

Wasserstein distance

d —  inf d d
wv (i, V) i fQ . m(x,y) dr(x,y),

Typically,
V= {p(x)l[pllLip < 1, 0 < p(x) < M},

where M is a positive number, or

V= {p(0)lllup < 1, () 20, | p(x)dx =1},
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The min-max formulation

nfsup 7 (u,p) = [ A(ul))plx) b

pcV

The constraint for p is important.
Otherwise, the maximization step will yield a delta measure

(X — X0) = AMBMAX,50 [ peses /Q 2(x: 0)p(x)dx,

where xp = arg max,cqr(x; 6).
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How this maximization step push the residual-induced distribution to a
uniform one?

up /Q 2 (x: 0) p(x)dx

peV

=sup/Qr2(x;9)p(x)dx—/Qrz(x;é’)dxfﬂp(x)dx%—/Qrz(x;t?)dx/Qp(x)dx

peV

< ]Q 2(x;0)dx (225’/ [ /Q p(x) i, — /Q p(x)duu] sup /Q p(x)dx)
(A1) + M) [ P(5:6) o

iy is a uniform distribution.




;Wx J’ 9’ -t&:&vl'ﬁ "Jﬂ?.éﬁfﬁ?ﬂl‘m

Theoretical results

Theorem

Under certain conditions, lim,_,.. J(un, pn) = 0, for some sequence of
functions {pn}2., satisfying the constraints defined in the min-max
formulation. Meanwhile, this optimization sequence has the following two

properties:
@ The residual sequence {r(u,)}°°; of {u,}S°; converges to 0 in

L2 (dp).
© The renormalized squared residual distributions

(u,)
Jo PP(un(x)) dx

converge to the uniform distribution 1 in the Wasserstein distance

dp(x)

A
o

de.

K. Tang,* J. Zhai*, X. Wan and C. Yang, Adversarial Adaptive Sampling: Unify PINN and Optimal Transport for the Approximation of

“

PDEs preprint, 2023.



The framework of adversarial adaptive sampling G 7S KDHASHPRATRR

How can we implement the min-max optimization problem?
- the minimization step is straightforward

- the maximization step is not trival because of the constraints

A formulation for practical implementation

min  max T (us Pa) = /Q 2(x; 0)pa(X)dx — B /Q VP () 2lx

9 Pa>0,
fQ Pa(x)dx=1

This formulation makes that p is well-posed

2BV2p* +P(x0) — 1y Jo P(x0)dx =0, xeQ,
P =0, x€ 0.
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@ minimize the residual
/9,2 [ug(x)] pa(x)dx = %; P [u@(xg))}

@ maximization step

. r [u@(xg?)} pa(x(i))
j(”@apa) ~ E Z (7) (i)
i=1 pOl’ (xo/ ) I—]_ pOl, (xo/ )

Z |vxpa(x(()?)|2

Training style is similar to WGAN

- simultaneously optimize the approximate solution and the random
samples
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1.00 1.0 1.00 1.0
2 . —
-V [U(X)VV(X)] + V U(X) = S(X) In Q, 075 075 ol g=10
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& 000 & 000 g
w 1072
-0.25 94 -0.25 04
..: -0.50 -0.50 12 M g
2 %2 WML 0 i
. Two peak problem 10] Rl
‘ : -1.00 0.0 -1.00 0.0 T T T T T T
AR RS S -1.00-0.75-0.50-0.25 0.00 0.25 050 0.75 100 -1.00-0.75-0.50 -0.25 0.00 0.25 050 0.75 1.00 0.0 0.5 1.0 1.5 2.0 25
x X1 Iteration 482
1001 . —— B=5 il
10 W e
~Au(x) + u(x) - *(x) = s(x), xinQ=[-1,1] . T p=20 10?
10-1 4 i. 10!
_— i o)
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AONN (adjoint-oriented neural network) G 7S KDHASHPRATRR

Problem setup

OCP () Parametric optimal control problem: for any g, find the solution
to

min Jy(x, @), u(x, p@); @),
(y(x,p),u(x,p))EYXU A%, 1), u(x, )i 1)

s.t. F(y(x,pm),u(x,p); ) =0 in Q(p), and u(x, p) € Uad(ﬂ)a.

1 € P C RP: a vector that collects a finite number of parameters
Q(pn) C R a spatial domain depending on p
x € Q(p): a spatial variable

J:Yx UxP+— R: a parameter-dependent objective functional. Y
and U are two proper function spaces defined on Q(u)

@ F: the governing equation, parameter-dependent PDEs

@ U,4(pe): a parameter-dependent bounded closed convex subset of U




AONN (adjoint-oriented neural network) G 7S KDHASHPRATRR

OCP(u) Parametric optimal control problem: for any p, find the solution
to

min Jy(x, i), u(x, p); 1),
(y(x,p),u(x,t))EYX U (Y( “’) ( M) M)

S.t. F(_V(X, ﬂ,), U(X, ﬂz); ﬂ') =0 in Q(”’)ﬂ and U(X, 11') € Uad(u'):.

@ The presence of parameters introduces extra prominent complexity
@ Obtaining all-at-once solutions is challenge

o Additional constraints (e.g. box constraints) make NN-based methods
hard to train
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» The AONN methods can efficiently deal with a series of challenging PDE-constrained optimization

problems.

Parameter-dependent challenges

 Parameter space discretization.
* Inter-parameter dependence.

» Essentially high-dimensional.

p-dependent solutions form a manifold
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AONN for solving parametric optimal control problems Je 7K F RIDHE S HFETR:

> P arametr | C O pt | m a | State equation w Loss minimization
COITtI’O| prOblem . F(y,a;pu) =0 —%mmmmlze—)‘
min j(y(X, /JJ)7 ”LL(X, u); I_L)’ Adjoint equation . : v I
> U — Fyly, u; — — 0SS inimiz !
s.t. Fy(x,p),u(x,p); ) =0 in Q(p), A EH pEeT . ’
u(x, K ) < Uad(ﬂ ) Projected gradient equation Ac?;rtl;m;fés

[um — Py (- c(ad)) = 0]4 k l

A

» The parameter p could

involve:
J(+;p) : model parameter

T

L 1 ! . . .

U — Ugtep = 0 —‘—‘—> Loss,, Minimize=>"
1 1

F(-: . physical parameter
(’IJ’) p yS ca pa amete Direct Adjoint Looping

Uqa(p) : control parameter
Q(p) : geometrical parameter

(A) Input parameters. (B) Neural networks. (C) Loss functions. (D) Optimizer.

P. Yin, G. Xiao, K. Tang, C. Yang, AONN: An adjoint-oriented neural network method for all-at-once solutions of parametric optimal control problems, preprint. "
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Main idea

The KKT system

Jy(y*(p), v (p); p) — Fo(y*(p), u*(p); p)p*(p) = 0,
F(y*(n), v ()i 1) = 0,
(duJ(y*(p), 0" (p); ), ) — ™ (p)) 2 0, V() € Uaa(p).

Solving this KKT system to get the optimal solution

@ three neural networks to approximate y*(u), u*(u) and p*(p)
separately

@ deal with the parameters

goal: obtain the optimal solution for any parameters




AONN for solving parametric optimal control problems

(1a, residual of the state equation

2
i 7 604), P(x(1)i 0p); pi) |2) residual of the adjoint equation
i=1

N
£(6,,6.) = (,1\, 3 11 (1) 6,), DX (1) 64); ) |2)
i=1
1 N
Ea(gya 0., Bp) = (N Z |ra (?(X(u): By)a ﬁ(x(p), Qu)
(1b)
L 3
L6y, Ustep) = (N Z |B(x(e)ii 0) — Ustep(x(#):)lz) (1c)
rs(y(p), u(p); ) = F(y(p), u(pe); ), (22)
ra(y(me), u(pe), p(p); 1) = (A pe), u(p); p) — Fy(Awe), u(); p)p(pe),

(2b)
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AONN for solving parametric optimal control problems
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5 key | dient

@ the state equation and the adjoint equation: solving two parametric
PDEs in Qp = {x(u) : x € Q(p)}

@ projection gradient descent for inequality constraints in the KKT
system

P u = ar min u — :
) () = arg min () — V(us)

Ustep(12) = Py, y(p) (u(p) — cdud(y(p), u(p); p)) -

Because the optimal control function u*(gt) satisfies

u* () — Py (0" () — cdu J(y* (1), u*(p); 1)) =0, Ve >0.

The residual for the control function

r(y(), u(p), p(p)) = u(p) — Py, () — cdud(y(p), u(p); 1)) -




AONN for solving parametric optimal control problems
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AONN algorithm

e training ¥(x(u); 8)) for the state function

k : k—1
6, = arg ng;n L (By, 6, ) ;

o updating p(x(p); @) for the adjoint function

p
p

e refining &(x(p); 8,) for the control function

k - k—1
0, =arg min Ly (OU, ustep) .

0f = arg min £, (9}‘5, g1, ep) |
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( : 1 2 o 2
min J , u = — — + 5 [lu )
N, (r(p), u(pr)) > 13D Yd(ll')”Lg(Q(u)) ) | (“)”Lg(ﬂ(u)) Comparison with FEM
3 cubjec o {—Ay(u) = u(p) in Q(u),
p) =1 on 9Q(p), 31l ) 311y = yall?, . 12) Sk pa)
land vy < u(p) < up  ae in Q(u), « dolfin-adjoint +  doffin-adjoint + colfimadont

0.8

where o = (u1, p2) is the paramter.
Q) = ([0,2] x [0,1])\B((1.5,0.5), 121) and the desired state is given by

() — {1 in Q; = [0,1] x [0, 1],
YR T Ve in Qa(p) = (11,2] x [0, 1)\B((L.5,0.5), 112),

where B((1.5,0.5), 111) is a ball of radius p1 with center (1.5, 0.5),
a = 0.001 and g € P = [0.05,0.45] x [0.5,2.5].

0.7
0.6
0.5
0.4
0.3
0.2
0.1

Solutions for different p

; Dolfin-adjoint Time AONN Time
1 =(0.10, 1.00) p=(0.10, 1.50) = (0.10, 2.00) Parameter setting (Intel i7-10510U) (Geforce RTX 20‘80) AONN Error
" 3 0089 8.325 9.180 (”17 ”2) gP - 21613s (tralnlng tlme) &
) | 6000 g a7 718 (u1, 42) € Pixa 2244s 0.258s (evaluating time) | 0.048340.0405
0087 K T (1, pi2) € Paxs 9946s 0.347s (evaluating time) | 0.032040.0295
| a8 i 208 (spiz) € Pt 37380s 0.680s (evaluating time) | 0.033840.0351
n=(0.25, 1?0) ‘ u=(0.25,1.50) 0000 u=(0.25,2.00) 0000
» I-§E§§§ ™ lg:ggg 9.180
0.000

8.160
- 4.900 7.140
F4.200 6.120
[ F3.500 5.100
"0 008 —%.800 4.080
-uJ. F -
- oo 2| e 3050 v All-at-once solutions

0,1.00) - (0.40, 1.50) W (0.40, 2.00) 0505
p=(0.40, 1. p=(0.40,1.5 pn=(0.40, 2. =
- ¥ i 2020 v Fast evaluation
3502 i v Hi
3500 High accuracy
0:009 ‘ 2380
>~ 1oi3




Optimal control with sparsity parametrization G e 7S KSHASHFSRA TR

» We seek the optimal sparse control u(B) with
parameter B controls the sparsity of u. .. .. ..

» The objective functional: ‘ . ‘ , . ‘ .

T = 5 ly = vall2, + 5 Il + Bllull, ".' '..’ ...'

p=0.000 $=0.001 -~ $=0.002

" 7B=0.008 - B=0.016

> B € [0, 0.128]

Solutions with continuously changing sparsity

B=0.128
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Thank you for your attention!

Kejun Tang
Email: tangkejun@icode.pku.edu.cn



